
AM 221: Advanced Optimization Spring 2018

Dr. Rasmus Kyng Problem Set 1 — Due Wed, Jan 31st at 23:59

Instructions: All your solutions should be prepared in LATEX and the PDF and .tex should be
submitted to Canvas. Please submit all your files as ONE archive of filetype zip, tgz, or tar.gz. For
each question, a well-written and correct answer will be selected a sample solution for the entire
class to enjoy. If you prefer that we do not use your solutions, please indicate this clearly on the
first page of your assignment.

The programming parts can be written in Python, Matlab, or Julia. If you strongly wish to use
another language, please contact the instructor to ask for permission.

1. Sequences, Limits, Functions

a. Remember that the field R is characterized (among ordered fields containing Q) by the least
upper bound property: every non-empty bounded set has a least upper bound. Use this prop-
erty to show that any non-decreasing upper-bounded sequence of real numbers is convergent.

b. Let u = (un)n≥0 and v = (vn)n≥0 be two sequences of real numbers such that:

– u is non-increasing and v is non-decreasing

– limn→∞ un − vn = 0

Show that both u and v are convergent and that they have the same limit.

c. Let f : R → R be a continuous function such that f(0) > 0. Show that there exists ε > 0
such that:

|x| < ε⇒ f(x) > 0.

2. Linear Algebra A is a matrix in Rm×n with m ≤ n.

a. Give the definition of the rank of A. What is the largest possible rank of A?

b. Let us denote by a1, . . . ,am the rows of A, i.e ai ∈ Rn and A = [a1 . . . am]ᵀ. Show that:

rank(A) < m⇔ ∃x ∈ Rm \ {0},
m∑
i=1

aixi = 0
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3. Inner product, norm For x and y two vectors of Rd, we write xᵀy =
∑d

i=1 xiyi their inner
product. ‖x‖ =

√
xᵀx denotes the Euclidean norm of x.

a. Let a ∈ Rd. Show that:

a = 0⇐⇒ ∀x ∈ Rd, aᵀx = 0

a ≥ 0⇐⇒ ∀x ≥ 0, aᵀx ≥ 0

b. Let (x,y) ∈ Rd × Rd. Show that:

xᵀy =
‖x + y‖2 − ‖x‖2 − ‖y‖2

2
=
‖x‖2 + ‖y‖2 − ‖x− y‖2
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c. Deduce the parallelogram law:

‖x + y‖2 + ‖x− y‖2 = 2‖x‖2 + 2‖y‖2

d. Let us denote by B2(0, 1) the unit ball of Rd, B2(0, 1)
def
= {x ∈ Rd | ‖x‖ ≤ 1} and let us

consider v ∈ Rd. Show that:
max

x∈B2(0,1)
vᵀx = ‖v‖

4. Multivariate Calculus

a. Let f : Rn → R be a twice differentiable function twice. For x ∈ Rn and d ∈ Rn, we define
the function fx,d : R→ R by:

fx,d(λ) = f(x + λd)

Express the first and second derivative of fx,d in terms of the gradient and Hessian of f .

b. Let f : Rn → R be a differentiable function and let x be a local minimum of f , i.e there
exists ε > 0 such that:

‖y − x‖ ≤ ε⇒ f(y) ≥ f(x)

show that ∇f(x) = 0. Hint: remember the Taylor expansion of f at x:

f(x + h) = f(x) + hᵀ∇f(x) + o(‖h‖)

c. Let a ∈ Rd and M ∈ Rd×d. What are the gradients of f(x) = aᵀx, g(x) = ‖x‖2 and
h(x) = xᵀMx?

5. Programming Download the file at http://rasmuskyng.com/am221_spring18/psets/hw1/
access.log. This file is a server log, each line has the following format:

<time>\t<ip-adress>

i.e it contains a time and the IP address which accessed the server at that time; the time and the
IP address are separated by a tab character. Using the programming language of your choice, write
a program to find the list of the ten IP addresses who accessed the server the most (in decreasing
order). Report the list you obtained, as a text file with one IP address per line, and report the
code you used.
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